Quantum phase transitions in a spin-1/2 alternating Heisenberg antiferromagnetic 
chain under a staggered transverse magnetic field 
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The magnetic behaviors of a spin-1/2 alternating Heisenberg antiferromagnetic chain in a stag- 
gered transverse magnetic field is studied by means of the density-matrix renormalization group 
method and Jordan- Wigner transformation. Quantum phase transitions of different types are ob- 
served in the 5=1 Neel and XY-like gapless phases, which result from the competitions between the 
staggered transverse field and magnetic orders induced by anisotropy and alternating interactions. 
The results are compared with the mean-field and some exactly resolved results. 
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One-dimensional quantum magnets have been at the 
center of theoretical and experimental attention due 
to the exotic magnetic properties in condensed matter 
physics. In particular, the magnetic behaviors of low 
dimensional quantum magnets in an external magnetic 
field exhibit many novel characteristics 1]. The gapped 
Haldane chain g compound Ni(C2H8N2)2N02(C104) in 
a uniform magnetic field has been widely studied both 
experimentally 0] and theoretically @ , which shows a 
commensurate-incommensurate transition as the gap is 
closed by the field 0]. A Haldane chain compound 
R2BaNi05 (R=magnetic rare earth) 0, S| with an ef- 
fective stag gere d magnetic field has been explored theo- 
retically (g. llOf and numerically [lH, revealing that the 
magnetic behavior in a staggered field is totally different 
from that in a uniform field. Recently, the magnetic prop- 
erties of a 5=1/2 antiferromagnetic (AF)-ferromagnetic 



(FM) spin chain are extensively studied [13, ■ This 

spin chain with nearly the same AF and FM interaction 
strength has been realized in experiment by the com- 
pound (CH3)2NH2CuCl3 [l5^. Hida flG^ pointed out that 
this chain can map onto the S=l Haldane chain when the 
FM couplings dominate. Yamanaka et al. [17| suggested 



a phase diagram for the system with an AF anisotropy. 
The system has the Haldane, S=l Neel, and XY-like 
gapless phases for different anisotropics and alternations. 
In the S=\ Neel and XY-like phases, the gap vanishes 
and some magnetic orders emerge. In this paper, we 
shall concentrate primarily on the magnetic properties 
of the system under a staggered transverse field in vari- 
ous phases. It is expected that the competitions between 
different factors would yield rich results. 

Let us consider a spin-1/2 alternating Heisenberg chain 
with anisotropy in a transverse staggered magnetic field, 
as depicted in the inset of Fig. [TJ The Hamiltonian reads 
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FIG. 1: (color online) Phase diagram of the spin-1/2 AF-FM 
alternating quantum spin chain with Hamiltonian ([ij jT7| . 
The staggered magnetic behaviors along the arrows will be 
studied in the context. 



where A stands for the AF anisotropy, /3 < (> 0) is the 
FM (AF) coupling, N is the number of unit cells, and the 
last term of Eq. ^ introduces the staggered transverse 
magnetic field. We take the AF coupling as the energy 
scale and g/is = l. The transverse staggered magnetiza- 
tion and susceptibility are defined, respectively, as 
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matrix renormalization group (DMRG) 
is invoked to study this system. In our 
calculations, the length of the chain is taken as 60, and 
the number of the optimal states is kept as 60. We adopt 
open boundary conditions. The truncation error is less 
than 10"'^ in all calculations. The system has an U(l) 
symmetry in absence of magnetic field, however, the stag- 
gered transverse field breaks this symmetry. Thus, there 
is no good quantum number that can be used to reduce 
the Hilbcrt space dimensions in our calculations. 

In order to investigate the effects of the anisotropy and 
FM interaction on nistag, we first calculate exactly nistag 
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of two S=l/2 spins coupled by XXZ AF and isotropic 
FM interactions, respectively. For the spins coupled by 
XXZ AF coupling, mstag behaves as 



stag 



v/16/i2 + (1 + A)2 



(4) 



It can be seen that with increasing A, mstag is supressed 
by the anisotropy that destructs the transverse magnetic 
ordering. For the spins coupled by the FM interaction, 
mstag behaves as 



FM 
stag 



(5) 



Clearly, the FM interaction makes the spins align in the 
same direction, which competes with the staggered mag- 
netic field. Thus, mstag is supressed with increasing /3. It 
seems that the anisotropy and FM interaction have sim- 
ilar effects on mstag- However, when the FM coupling 
and the staggered magnetic field are considered simul- 
taneously, mstag shows morc complex behaviors. In the 
following, the transverse staggered magnetic properties 
will be studied by means of the DMRG method for the 
parameters indicated by the arrows of Fig. [T] 

Figure [5] shows the evolution of the magnetic proper- 
ties from the Haldane phase to the S=l Neel phase with 
changing (3 from (3^1 to /3=-4 for A=4.0. In Fig. [^a), 
iTT-stag iucrcascs with hs and approaches 0.5 when hs—^oo. 
With increasing FM interactions, mstag declines for any 
field, which agrees with the depressing effect of the FM 
coupling. In the Haldane phase, Xstag continuously de- 
clines with hs in a simple way 
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Xstag 



(/l2+A)3/2' 



(6) 



where A is a constant determined by the couplings. At 
hs=0, the zero-field susceptibility Xstag(0)is finite, which 
is analogous to the S'=l Haldane chain 0, H, 0, [lH due 
to the existence of a gap. For the 5=1 Haldane chain, 
XstagiO)=Zv/ A"^ (A is the spin gap) In the present 
case, the spin gap [31 and Xstag(O) decrease simulta- 
neously with increasing FM coupling. Therefore, it is 
expected that the product of the renormalization param- 
eter Z and the spin- wave velocity v decrease more rapidly 
than the gap. With further increasing the FM coupling, 
Xstag becomes flat at low fields when approaching the 
phase boundary. In the S=l Neel phase, a broad peak 
emerges in Xstag [Fig. [2Ib)], indicating the distinct mag- 
netic properties below the transition field from those in 
the Haldane phase. The peaks, which move to higher 
fields with increasing — is attributed to the competi- 
tion between the field and magnetic interactions. In the 
absence of magnetic field, the longitudinal spin-spin cor- 
relation function {S§Sj) has a long-range order (LRO) 
and behaves as (S'qS'|j_i)~(S'qS'|j) due to the FM cou- 
pling [Fig. m^c)]. The Neel order in the z axis prevents 



the magnetization in the x direction and is destructed 
by the transverse staggered field. As shown in Fig. [UJc), 
with increasing hs, (S^Sj) decays with a power law, and 
when hs exceeds a critical magnetic field, hs^, it decays 
exponentially. Below hs^ , the suppressed Neel order facil- 
itates the magnetization in the transverse axis, yielding 
the increase of Xstag- Above /ig^, the Neel order is fully 
broken and thus Xstag declines similar to that in the Hal- 
dane phase. In the Haldane phase, the gap enlarges with 
increasing hs. In the Neel phase, a gap is opened when 
hs exceeds hs^ and increases with the field, as shown in 
Fig. WiA)- In the transition field hs^, a quantum phase 
transition (QPT) [2^ which is from the S—1 Neel phase 
to a gapped staggered magnetic ordered phase happens. 
In the vicinity of /i^^, the ground-state energy e and its 
derivatives with respect to the field are studied to char- 
acterize this transition. It is found that both de/dhs and 
d^e/dhs^ are continuous and nonsingular in the field hs^, 
but d^e/dhs^ has a minimum at hs^, as shown in the in- 
set of Fig. [2jd). Below hs^, the phase is gapless with a 
power law decaying (S'oS'J). Above hs^, a gap emerges 
and {SqSj) decays exponentially. This is analogous to 
the transition from the XY-like phase to the Haldane 
phase in the absence of the field 2]J, which is of the 
Kosterlitz-Thouless (KT) [i^l type. By considering the 
nonsingularity of the derivatives of e, we argue that this 
QPT may be also of the KT type. The critical behavior 
of A near hs^ is fitted by the KT type with the lines in 
Fig. Hd) 
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For /3=-3(-4), i:>=2. 7(3.4), C=2.0(2.0), /i,^=0.7(1.27). 
The behavior of A near hg^ can be fitted well by Eq. ([7]). 

Figure[3]shows the changes of magnetic properties from 
the Haldane phase to the XY-like gapless phase with 
changing (3 from j3=l to P——5 for A=— 0.5. In the XY- 
like gapless phase, mstag has an inflexion with increasing 
hs, which is explicitly characterized by the sharp peak 
of 

Xstag and indicates a transition of magnetic proper- 
ties. Like the Neel phase, the peak moves to higher fields 
with increasing —f3 [Fig. E^b)]. This transition is due 
to the competition between the magnetic field and trans- 
verse magnetic ordering. In the absence of magnetic field, 
{SqS^) has a quasi-LRO, and due to the FM interaction, 
{S§ S2j_i)c:i{SQ S2j) , i.e., (5*0 S'J) has a translation sym- 
metry with a period of 4 [Fig. EI^c)]. As the staggered 
field competes with the FM interaction, this transverse 
quasi-LRO prevents the staggered magnetization, and 
meanwhile, is destructed by increasing the field. With 
increasing hs, {SqSJ) becomes disordered in short range 
but builds an order with a 2-period translation symmetry 
in long range, as shown in Fig. \Elc) for hs=0.5. When hs 
exceeds the transition field, the short-range disorder is re- 
placed by the staggered magnetic ordering, as in the case 
of hs=lA in Fig. ^c). These variations are also visible in 
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FIG. 2: (color online) Field dependence of rUstag, Xstag, 
(SgSj), and A for A=4.0 in (a), (b), (c), and (d), respectively. 
The lines in (d) denote the fitted results with Eq. ([7]). The 
inset of (d) shows the second derivative of the ground-state 
energy d^e/dha^ as a function of ha- 

spin static structure factor S{q)^ which are not presented 
here for concise. In the absence of magnetic field, S{q) 
has two peaks at q—TT/2 and 37r/2. With increasing /i^, 
the old peaks decline rapidly and a new peak emerges 
at q=TT, indicating the changing periodicity of {SqSJ). 
Below hs^ , the destructed quasi-LRO facilitates the stag- 
gered magnetization and thus Xstag increases. Above hs^, 
the quasi-LRO is fully broken and Xstag declines as in the 
Haldane phase. Similar to the S=l Neel phase, this tran- 
sition is also accompanied by the open of a gap, which, 
however, behaves in a different manner above h^^ 

A^iK- hsX. (8) 

The critical behaviors of A are fitted by Eq. ^ in Fig. 
[3jd) with a=1.15 and 1.1 for /3=— 3 and —5, respectively. 
These observations indicate that a QPT happens in hg^ ■ 
To characterize this QPT, the ground-state energy and 
its derivatives with the field are studied. It is found 
that both e and de/dhg are nonsingular, but d'^e/dhg^ 
is singular at hg^ , indicating that this transition is of the 
second-order, as shown in the inset of Fig. [SJd). 

As discussed above, the staggered transverse magnetic 
properties have different behaviors in three phases. Al- 
though the QPT is observed in the 5*=! Neel and XY-like 
phases, the physical quantities have different behaviors in 
these phases. The QPT in the Neel phase is argued to 
be of the KT type, while that in the XY-like phase is 
confirmed to be of the second-order. For further discus- 
sions, the staggered magnetization is studied in terms of 
the Jordan- Wigner (JW) transformation. As the field is 



FIG. 3; (color online) Field dependence of rriatag, Xstag, 
(S'oS'J), and A for /3=-0.5 in (a), (b), (c), and (d), respec- 
tively. The inset of (d) shows d^e/dha^ as a function of ha- 

applied transversely, the transformation is introduced as 

St = i(cle"S.<.^^^-f/^.c.), 

Sy = l(e-'-S.<.^^^c.-/z.c.), 

5f - c\c..-\, (9) 

where c| and Ci are the creation and annihilation opera- 
tors of spinless fermions, which satisfy the anticommuta- 
tion relation {ci, c]}=5y. We denote the fermions in odd 
and even sites as and 5i, respectively. The density- 
density interaction terms are treated with the Hartree- 
Fock (HF) approximation, 

+ {a]h]{bja.j) + h.c.) - {{na.j){nb^j) 

- {h]a,){a]hi) + {h,a,i){a]h])). (10) 

We denote {a\a,)^na, {b\bi)=nb, {biai)^pi, (5-ai)=p2, 
(a|^]^6i)=P3, and {ai+ibi)=p4. After making Fourier 
transform, the Hamiltonian is transformed into 

Hhf = Y.{ujlalak+Ujlblbk) + J2i^l4bk+^lalbl, 

k k 

-\- h.c.) + const., (11) 

where cjg=(n6 - l/2)(/3 + 1) - /i„ ujl={na - l/2)(/3 + 
l) + hs, ujl=[{\+\)/A-p2]e'^'^ + {l/2-pl)l3e-'^'^, and 
Lol=[{X - l)/4 + pi]e^''/^-plPe-'''/^. Then, we introduce 
the Bogoliubov transformation 

Ofe = uiiafc -I- ui2/3fc + wi37fe + wwAfc, 
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FIG. 4: (color online) Staggered magnetization and suscepti- 
bility obtained by (a) the mean-field theory for the Hamilto- 
nian Eq. (|13|l ; and (b) the exact solutions for the Hamiltonian 
Eq. ([ij with only Ising interactions. 

bk = U2iak + U22/3fe + W237fc + U24Afc, 

alfc = "siafe + U32/3fc + W337fe + ■"34Afe, 

fclfe = ■U4iafe + U42^fc -I- M437fe + W44Afc. (12) 

Therefore, the Hamiltonian is diagonaUzed as 

Hhf = + ^kPlPk + u^hhk + ^Ma,), 

k 

(13) 

where («=a, /?, 7, A) are obtained by the self-consistent 
numerical calculations. The staggered magnetic proper- 
ties are studied with this quardratic Hamiltonian. In the 
following, we find that this mean-field theory is able to 
describe the behavior in the Haldane phase, but fails to 
reproduce the QPT in other phases. Figure Ufa) shows 
iristag and Xstag from the Haldane to the Neel phase. The 
analytic results qualitatively agree with the numerical 
ones in the Haldane phase, but cannot find the inflexion 
in the Neel phase. However, some exactly soluble case 
that has a competition between the field and magnetic 
couplings also shows QPT and may be compared with 
our observations. Figure \Mjo) shows the exact solutions 
for the Ising case of Eq. ([1]), which exhibits a QPT with 
increasing hs- The transition behaviors are analogous to 
those in the XY-like phase. The singular d^e/dhs^ in hs^ 
indicates that this QPT also belongs to the second-order, 
which are not presented here. The gap above hs^ behaves 
as A^{hs — hgj, which is Eq. ([5]) with a=l. It may be 
expected that the QPT in the Ising case is similar to that 
in the 5=1 Neel phase, but it is of the second-order, like 
the transition in the XY-like phase. This phenomenon 
shows the important role of the xy-component quantum 
fluctuations in the QPT, which smooth the transition in 
the Neel phase. 

In summary, we have studied the magnetic proper- 
ties of the spin- 1/2 AF-FM Heisenberg chain with AF 
anisotropy in a transverse staggered magnetic field by 
means of the DMRG method. The physical quantities are 
explored in the Haldane, S'=l Neel, and XY-like gapless 
phases. In the Haldane phase, rustag and Xstag behave 



as those of the S=l Haldane chain, and do not have 
transition behaviors. In the Neel phase and the XY-like 
gapless phase, due to the competitions between the field 
and different magnetic couplings, most quantities have 
a transition at a field hg^, indicating a QPT induced by 
the field happens in the system. rUstag has an inflexion in 
hg^ , which corresponds to a maximum in Xstag ■ The tran- 
sition is also accompanied by the open of a gap. In the 
Neel phase, d'^ejdh^ is nonsingular, but it still describes 
the transition with a minimum at the critical field. The 
QPT is argued to be of the KT type. The critical behav- 
ior of A is well fitted by that in the KT transition near 
hg^. In the XY-like gapless phase, d^ejdh^ is singular 
in hg^ , indicating that the transition is of the second or- 
der. The gap near h^^ behaves as A^{hs — hs^)". Due 
to the distinct magnetic orders, the transitions behave 
differently in the two phases. Using the Jordan- Wigner 
transformation, the magnetic properties are also inves- 
tigated analytically. In the present HE approximation, 
the features in the Haldane phase are reproduced, but 
it fails to describe the transitions in other two phases. 
The Ising case of the Hamiltonian ([1]) is exactly resolved, 
which has a second-order QPT that behaves like the one 
in the XY-like phase. The differences between the Ising 
case and the Neel phase show the important role of the 
quantum fiuctuations. 
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